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Abst ract - -The  material interface between two fluids of different densities is unstable under accel- 
eration by a shock wave. This phenomenon is known as the Richtmyer-Meshkov instability. Theories 
have failed to provide quantitatively correct predictions for the growth rates of the unstable interface. 
Recently the authom have developed a quantitative theory based on the methods of Padd approxi- 
mations and of asymptotic matching. In this letter, we extend our theory to the growth rates of the 
spike and bubble for the systems in two and three dimensions, and for systems with or without phase 
inversions. Our theoretical predictions are in excellent agreement with the results of full numerical 
simulations over the full time period from the initial linear (small amplitude) to moderately large 
amplitude nonlinear egimes. 
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When an incident shock collides with an interface between two fluids of different density, it bi- 
furcates into a transmitted shock and a reflected wave, while the material interface becomes 
unstable. This phenomenon, known as the Richtmyer-Meshkov (RM) instability, plays an im- 
portant role in studies of supernova nd inertial confinement fusion. This interfacial instability 
was predicted theoretically by Richtmyer [1] and confirmed experimentally b Meshkov [2]. The 
elementary modes of an RM unstable interface are fingers, known as bubbles and spikes, of each 
phase extending into the region occupied by the opposite phase. Thus, a bubble (spike) is a 
portion of the light (heavy) fluid penetrating into the heavy (light) fluid. Extensive research 
has been directed to the understanding of this instability over the past three decades; see, for 
example, the proceedings of the Compressible Turbulent Mixing Workshops [3]. 
Most previous theoretical studies have focused on the growth rate in the linear (small ampli- 
tude) regime. The linear impulsive model proposed by Richtmyer [1] is a widely-used theoretical 
model. The model approximates the incident shock as an impulse (a delta function) and the 
postshocked fluid as incompressible. The solution of the linear impulsive model is 
u imp = aao. (1) 
Here a -- -AuAk  where Au is the difference between the shocked and unshocked mean interface 
velocities, and A = (p~-p) / (p t÷ p) is the Atwood number, p and pt are the fluid densities behind 
the reflected wave and the transmitted shock, respectively, a0 is the postshocked perturbation 
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amplitude at the interface. For weak shocks, the prediction of (1) agrees quite well with the 
asymptotic growth rate from the linear theory for compressible fluids. A systematic ompari- 
son between (1) and the solution of the linearized Euler equations howed, however, significant 
disagreement in certain physical parameter domains, including strong shocks and dissimilar ma- 
terials [4]. In any case, linear theories are valid only for small amplitudes, and consequently, 
for small times. When applied to the initial amplitudes of typical weak shock experiments, the 
impulsive model agrees with the linear theory in the region where the linear theory is no longer 
valid. For strong shock experiments, the impulsive model does not even agree with the linear 
theory. 
In this letter, we present a quantitative theory for the growth rates of a single bubble and spike 
in compressible fluids of all density ratios and for time periods and interface amplitudes from 
the linear into the nonlinear egimes in both two and three dimensions. The results presented 
here are the first analytic theory with these capabilities. A detailed presentation of our results 
can be found in [5,6]. The methods of Pad~ approximation by a finite Taylor series and of 
asymptotic matching were first introduced into the study of Richtmyer-Meshkov instability by 
the authors [7], yielding an analytic theory of the overall (combined bubble and spike) growth 
rates in two dimensions. Hecht et al. have developed a Layzer-type potential flow model for the 
system of an infinity density ratio and determined an asymptotic bubble growth rate of 213kt, 
valid for late time [8]. The relation between our theory and theirs will be discussed in [5]. 
The following three main steps are key to our analysis: 
(i) nonlinear perturbation solutions (Taylor series in the amplitude of the initial perturbation) 
truncated at finite order (n = 4 here) for incompressible fluids; 
(ii) Pad~ approximation of the finite Taylor series; and 
(iii) matching of the linear compressible solution at early times and the nonlinear incompress- 
ible solution at later times. 
In order to develop an approximate nonlinear theory for compressible RM unstable interface, 
we adopt the following physical picture. The dominant effects of the compressibility occur near 
the shocks. Thus, compressibility influences the material interface when the shocks are in the 
vicinity of the material interface. We assume that the initial disturbance at the interface is small. 
Thus, at early times after the shock hits the material interface, the compressibility is important 
and the nonlinearity is less important. As time evolves, the magnitude of the disturbance at the 
material interface increases significantly and the transmitted shock and reflected wave move away 
from the interface. The effects of compressibility are reduced and the nonlinearity associated 
with a large interface amplitude starts to play a dominant role in the interfacial dynamics. 
From this physical picture, we see that at early times, the dynamics of the system are mainly 
governed by the Euler equations for compressible fluids linearized with respect o the interface 
amplitude [1,4], while at later times, the dynamics are mainly governed by the nonlinear equations 
for incompressible fluids. Our mathematical pproach is to determine the solutions at early and 
later times separately. Then we match the two solutions to obtain an analytical expression which 
changes gradually from one to the other. These matched asymptotic solutions give quantitative 
predictions for the growth rates of the spike and bubble in compressible RM instability from the 
linear to moderately late nonlinear stages of the instability growth. 
At later times, the dynamics is nonlinear and approximately incompressible. The governing 
equations for inviscid, irrotational, and incompressible fluids are 
V2¢(x, z, t) = 0 in material 1, V2¢'(x, z, t) = 0 in material 2, 
077 0¢ 0~7 0¢ 0~? 0¢' 0~? + 0¢' 
& Ox Ox + -~z = O, & Ox Ox -~z = O, 
,o,,, o+ 
-PW+P +2 nLkax) +k0z)j- P +k0z) j
(2) 
at  z = ,7, (3) 
at  z = '7. (4) 
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Here ¢ and ¢' are the velocity potentials of the two fluids, z = ~/(x, t) is the position of the 
interface at time t. A general perturbation solution procedure in powers of a0 is developed 
in [5]. The solution procedure is recursive. The n th order solutions are expressed in terms of the 
solutions of orders less than n. 
The general perturbation solution procedure has also been applied to the impulsive model. Up 
to fourth order, the nonlinear perturbation solution of the impulsive model is [5] 
•(1) imp = 
~/(2) 
imp = 
~/(3) 
imp = 
7(4) imp = 
(1 + at)ao cos(kx), 
2 Aka~a2t 2 cos(2kx), 
- l  k2aSoa [(4A 2 + 1)a2t 3 + 3at 2 + 6t] cos(kx) 
+~'~1 ,.2a3~ro [( 4A~ - 1), ,2t3 - 3(,t 2] cos(3k:) ,  
-~kZat~ [4A~o~t ~+ 6A~t ~ + At] cos(2k:) 
+ lk3a4a  [(8A 3 - 4A) a3t 4 - 8Aa2t 3 + 3Aat 2] cos(4kx). 
Use of these formulae is scientifically incorrect for compressible fluids driven by a shock wave, 
since the initial conditions used in deriving these expressions are not valid for compressible fluids. 
To be consistent with the mode modulation of the early time solution of compressible fluids (the 
linear theory), we use single mode initial conditions ~(x, 0) = a0 cos(kx) and ~?(x, 0) = v0 cos(k, x). 
Here we assume that a0 is small and that v0 is proportional to a0. v0 will be determined later 
through matching the short time and large time solutions. 
The spike and bubble are located at x = 0 and x = ~r/k, respectively. Let Vsp and ~b be the 
growth rates at the tips of spike and bubble, respectively. They can be expressed as [5] 
/2sp = //a(0, t) -4-//b(0, t), /]bb = --//a( 0, t) -4-//b(0, t), (5) 
where ~a contains odd cosine Fourier modes and ~]b contains even cosine Fourier modes. //a(0, t) 
represents the overall growth rate defined as v = (Vsp - Vbb)/2. //b(0, t) represents (Vsp + Vbb)/2. 
Through fourth order, the results with the single mode initial conditions are 
//(l)(z, t) = v0 cos(kz), 
//(2) (x, t) = Akv~t cos(2kx), 
//(a)(x,t) = _~a1-2v62 [(4A 2 + 1) rot 2 + 2a0t] cos(kx) 
3 ~.2v2 [(4A 2 1) rot 2 + §  0 - - 2a0t] cos(3kz), 
//(4) (x, t) = -6~1-3v62 [8ASv~t s + 3Aa~t] cos(2kx) 
+~ 01  ~3v2 [8 (2A s - A) v~)t 3 - 12Aaovot 2 + 3Aa~t] cos(4kx). 
(6) 
(7) 
(s) 
(9) 
Note that the functional forms of (8) and (9) are different from the expressions for _,(3) and .(4) "t/ira p "l/ira p , 
as explained above. From (6)-(9), we have 
//~(O,t) = vo - aov~k2t + (A2 -1 )  v~)kUt2 + O (a~) , 
//b(O,t) = Akv~t -  2AkZaov~t 2 + 4k3 (A s - A) v~t 3 + 0 (aS). 
(10) 
(11) 
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The radius of convergence of this expansion appears to be quite limited. One of the standard 
methods to extend the range of approximation for analytic function beyond radius of conver- 
gence of the finite Taylor series expansion is through Padd approximation. Applying the Padd 
approximation to (10), we have [7] 
u0 
iIa(O, t) = 1 + voaok2t + max {0, a~k 2 - A 2 + 1/2} v~k2t 2" (12) 
Equation (12) is based on the P~2 Padd approximant when a2k ~ >_ A ~ - 1/2 and on the P~I Padd 
approximant when a~k 2 < A 2 - 1/2. The physical reason for choosing these Padd approximants 
is that the overall growth rate decays at large times, as found in numerical simulations [9,10]. 
Similarly, we construct the p1 Padd approximant for (11). The result is 
Akv~t 
~b(O, t) - - -  1 + 2k2aovot + 4k2v~o [a~k 2+ (1/3) (1 - A~)] t 2" (13) 
Equations (12) and (13) are approximate nonlinear solutions for incompressible fluids. From the 
physical picture we gave earlier, they are also approximate nonlinear solutions for compressible 
fluids at later times. Now we match the linear solution at early times and the nonlinear solution 
for later times. The fact that (12) approaches u0 at early times, and ~lin, the growth rate of the 
linear theory for compressible fluids, approaches an asymptotic constant at later times show that 
the matching can be obtained by replacing u0 by Win in (12) and (13). We have 
v = Kin 1 + Vlinaok2t + max O, a~k 2 - A 2 + ~ Vlink t , (14) 
1 (1 - A 2 , (15) Pbb -~  - -V  -[- Akv2at 1 ÷ 2k2aoUlint + 4k2v~in a~k 2 + 5 t2 
{ [ 1(1_A  ') t 2 (16) Vsp = v + Aku~nt 1 + 2k2ao~int + 4k vii n + 
for the overall growth rate and the growth rates of bubble and spike, respectively. Here a0 
and A are postshocked quantities. We emphasize that the range of validity of (14)-(16) is not 
necessarily imited to the radius of convergence of its generating series (6)-(9). This phenomenon 
of an extended region of validity is well known from the theory of Padd approximation [11]. Below 
we demonstrate he extended range of validity of our results by comparison to direct numerical 
simulations of the full Euler equations of fluid dynamics. 
In Figure 1, we compare our theoretical predictions for the growth rates of the bubble and spike, 
i.e., (15) and (16), with the results from full numerical simulations [9,10] as well as the linear 
theory and the impulsive model given by (1). We express our results in terms of dimensionless 
variables. The dimensionless time, growth rate, and amplitude are defined as kcoMot, ~/coMo, 
and ak, respectively. Here co is the speed of sound ahead of the incident shock, and M0 is the 
incident shock Mach number. In Figure la, a shock of Mach number 1.2 propagates from air 
to SFo. ao(O-)k = 0.4 and A(0+) = 0.701. (We use the notation 0 -  and 0+ to represent the times 
just before and after shock contact interaction, respectively.) These parameters correspond to 
Benjamin's experiments on air-SFo (see [12]). In Figure lb, a strong shock of Mach number 3.5 
propagates from Kr to Xe. ao(O-)k = 0.31 and A(0+) = 0.184. These physical parameters 
correspond to Zaytsev's experiments. In both cases, the reflected waves are shocks. 
In Figure 2, we consider systems with the indirect phase inversion. Indirect phase inversion is 
defined as a situation for which a0(0-{-)Ulin(t "-* oc) < 0. For the case of reflected shock (rare- 
faction wave), the indirect phase inversion usually does not (does) occur [4]. During the period 
of indirect phase inversion, 0 < t < ~-, the solution is given approximately by the compressible 
linear theory, due to the satisfaction of the assumption that aok is small. Here r is the time at 
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Figure 1. A comparison for the growth rates of the bubble and spike for (a) air/SFs 
and (b) Kr/Xe interfaces. In both cases, the shock waves are incident from the light 
fluid to the heavy fluid. The reflected waves are shocks. 
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Figure 2. A comparison for the growth rates of the bubble and spike at (a) SFs/air 
and (b) Freon-22/Air interface. In both cases, the shock waves are incident from 
the heavy fluid to the light fluid. The reflected waves axe rarefaction waves and the 
indirect phase inversions occur. 
which the phase inversion is completed, i.e., a(~-) = -a0(0+) .  Therefore, the nonlinearity is only 
important for t > r. Usually, T is small. These properties lead us to use -a0(0+)  as the initial 
amplitude in (6)-(16) in the case of the indirect phase inversion. To the author 's  knowledge, no 
comparable theories have ever been proposed for indirect phase inversion. The numerical results 
shown in Figure 2 are obtained by the front tracking method and are reported here for the first 
time. 
In Figure 2a, a shock of Mach number 1.2 propagates from SF6 to air. ao(O-)k  = 0.35 and 
A(0+)  = -0.69.  In Figure 2b, a shock of Mach number 1.5 propagates from Freon-22 to air. 
ao(O-)k  = 0.31 and A(0+) = -0.54.  In both cases, the shock waves are incident from the 
heavy to the light fluid and the reflected waves are rarefaction waves. We use the average of 
the preshocked and postshocked initial amplitudes to evaluate the linear impulsive model (1), as 
proposed by Meyer and Blewett [13]. 
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Figure 3. A comparison of the predictions of (a) the overall growth rates and (b) the 
amplitude of alr/SF6 interface from linear theory, impulsive model, and nonlinear 
theory (17) in three dimensions for several different values of 0 with fixed total wave 
number k. The results of a full nonlinear numerical simulation in two dimensions 
(0 = 0, 7r/2) are also shown. 
Figures 1 and 2 show that our theoretical predictions are in good agreement with the results 
from full numerical simulations, while the predictions of the linear theory for compressible fluids 
and the linear impulsive model are qualitatively incorrect at later times. The agreement between 
the nonlinear theory and the numerical simulations for the bubble is better than that for the 
spike. We comment that our theory is still valid at the early stage of the formulations of the 
roll-up, i.e., mushroom-shaped vortex structures, at the spike. The reason is that our theory gives 
a prediction for the motion of the tips of the spike and bubble. Roll-up is a secondary structure 
which does not have significant effect on the growth rates at the early stages of roll-up. At the 
later stages of roll-up, the second instabilities do affect he growth rate of the spike. This is why 
the prediction for the spike growth rate becomes less accurate than that for the bubble at later 
times. 
The theoretical pproach presented above has been extended to compressible fluids in three 
dimensions [6]. The overall growth rate of the compressible RM unstable interface in three 
dimensions i
/Jlin 
v = 1 + a0k2Vlin/~l t + max {0, ,~0 ~'~262~2,,1 -- ~2} k2V~in$2 " (17) 
Here k = (k 2 + k 2) 1/2 is the total wave number of the initial perturbation atthe material interface 
rl(x, y, t = 0) = a0 cos(kxx) cos(kvy). A1 and A2 are dimensionless functions which depend on the 
postshocked Atwood number A and t9, the orientation of the wave vector (kx, kv). The explicit 
expressions ofA1 and As and of the growth rates of the bubble and spike in three dimensions can 
be found in [6]. For the symmetric interface in three dimensions, the expressions for A1 and As 
are 
1 (4+ 7v/2- 6v/-5 + v/~)  1  )AS+ ,~1 = § 
In Figure 3, we show (a) the overall growth rates and (b) the amplitudes of alr-SF6 unstable 
interfaces for several different values of angle/9 with fixed total wave number k. The physical 
parameters are the same as the ones given in Figure 2a, except hat the wave number k should 
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be interpreted as the total wave number k = (k 2 + k2) 1/2. The amplitude is determined by 
integrating (17) over time. It has been shown, that for fixed total wave number k and fixed 
Atwood number A < 0.64, the symmetric interface in three dimensions (kx = k~) is most unstable, 
while the interface in two dimensions is least unstable [6]. 
Although we expect that the range of the validity of the Padd approximant is significantly larger 
than that of the primitive perturbation expansion, the range of the validity of the Padd approx- 
imants P~I, P~2, and P~ which we consider is still not infinity. In fact, at the time when ebb = 0, 
our theory is no longer valid. The precise range of validity has not yet been determined. 
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